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Abstract
We study the question of when an uncountable ccc topological
space X contains a ccc subspace of size ℵ1. We show that it does if
X is compact Hausdorff and more generally if X is Hausdorff with
pct(X) ≤ ℵ1. For each regular cardinal κ, an example is constructed
of a ccc Tychonoff space of size κ and countable pseudocharacter but
with no ccc subspace of size less than κ. We also give a ccc compact
T1 space of size κ with no ccc subspace of size less than κ.
A topological space (X, τ) has the countable chain condition (X is ccc) if
for any uncountable F ⊆ τ there are distinct U, V ∈ F such that U ∩V 6= ∅.
We are interested in the following
Question 1. Does any uncountable ccc topological space contain an uncount-
able ccc subspace of size ℵ1?
The corresponding questions for second-countability (in place of ccc) and
for separability have trivial affirmative answers. The question for Lindelo¨fness
is highly non-trivial and has recieved substantial attention (see, for instance,
[1], [3], [5] and [6]). It was claimed in the first paragraph of [1] that the
answer to Question 1 is affirmative “by a standard easy Lo¨wenheim-Skolem
argument.” It turns out that this is not the case as the following simple
example shows.
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2Example 2. For each infinite cardinal κ, there is a Hausdorff ccc space with
no uncountable ccc subspace of size less than 2κ.
Proof. Let X = 2κ with the topology τ generated by sets of the form P ∩ C
where P is basic clopen in the product topology and C ⊆ X with |X\C| < 2κ.
Note that the generating set is closed under finite intersections so it is in fact
a base for τ .
Clearly τ contains the product topology on X so (X, τ) is a Hausdorff
space. Moreover since any clopen in the product topology has size 2κ we
have that for any two basic open sets P1 ∩ C1 and P2 ∩ C2,
(P1 ∩ C1) ∩ (P2 ∩ C2) 6= ∅ ⇐⇒ P1 ∩ P2 6= ∅.
It follows that (X, τ) is ccc (since the product topology is ccc).
Finally if Y is a subspace of X with |Y | < 2κ then Y is discrete. To see
this just note that given y ∈ Y we can take C = (X \ Y ) ∪ {y} and since
|X \ C| = |Y \ {y}| < 2κ, we have that {y} = Y ∩ (X ∩ C) is open in Y .
Hence Y is not ccc unless Y is countable.
A standard way to approach Question 1 would be to take an elementary
submodel M of (a large enough fragment of) the universe with ω1∪{X, τ} ⊆
M and |M | = ℵ1, and then try to prove that the subspace X ∩M is ccc (see
[?] for more information on elementary submodels). By elementarity one can
easily see thatX∩M with the topology τM generated by {U∩M : U ∈ τ∩M}
is ccc. However τM is usually strictly coarser than the subspace topology on
X ∩M (see [4] for many examples of this phenomenon), so this gives us a
positive answer only in cases where we can guarantee that the two topologies
coincide. It is well known and easy to see by elementarity that this is the
case whenever χ(X) ⊆M , so we have
Theorem 3. Any uncountable ccc space of character at most ℵ1 contains a
ccc subspace of size ℵ1.
Since ccc linearly ordered spaces are first countable we get
Corollary 4. Every uncountable ccc linearly ordered topological space con-
tains a ccc subspace of size ℵ1.
Our goal now is to prove a stronger version of Theorem 3 for the class
of Hausdorff spaces (see Theorem 7 below). For this, recall that the point-
wise compactness type of a space X , denoted by pct(X), is the smallest
3infinite cardinal κ for which X can be covered by compact subsets K with
χ(K,X) ≤ κ. When pct(X) = ℵ0 we say thatX has pointwise countable type.
Fix a Hausdorff topological space (X, τ) and an elementary submodel M
of H(θ) (for a large enough regular cardinal θ) such that (X, τ) ∈M . We let
K = {K ⊆ X : K is compact and χ(K,X) ≤ pct(X)}.
By definition we have that K is a cover of X and it is not hard to see, using
the fact that in a compact Hausdorff space any open set is a union of compact
Gδ subsets, that K is a network of X (i.e. any open subset of X is a union
of elements of K). Note also that K is closed under finite intersections. Now
for each p ∈ X ∩M we let
∆p =
⋂
{U ∈ τ ∩M : p ∈ U}.
Note that by elementarity, since X is Hausdorff, if p, q ∈ X ∩ M are
distinct then ∆p ∩∆q = ∅. Also, if A is any intersection of open subsets of
X which are in M and p ∈ A∩M then clearly ∆p ⊆ A. In particular this is
true of any A ∈ P(X) ∩M for which χ(A,X) ⊆M .
Lemma 5. If p ∈ X ∩M and pct(X) ⊆M then
∆p =
⋂
{K ∈ K ∩M : p ∈ K}.
Proof. Note that ψχ(K,X) ⊆ M for all K ∈ K, so ∆p ⊆
⋂
{K ∈ K ∩M :
p ∈ K}. On the other hand, by elementary and the fact that K is a network
of X , for each U ∈ τ ∩M with p ∈ U we can find KU ∈ K ∩M such that
p ∈ KU ⊆ U . But then
⋂
{K ∈ K ∩ M : p ∈ K} ⊆
⋂
{KU : p ∈ U ∈
τ ∩M} ⊆
⋂
{U : p ∈ U ∈ τ ∩M} = ∆p, which finishes the proof.
As we mentioned before, the topology in X ∩ M generated by τ ∩ M
is often strictly coarser than the subspace topology. So given U ∈ τ and
p ∈ U ∩M there is no guarantee that there is a V ∈ τ ∩M with p ∈ V ⊆ U .
However we have the following
Lemma 6. Suppose that pct(X) ⊆ M . For any U ∈ τ and p ∈ U ∩M , if
∆p ⊆ U then there is a V ∈ τ ∩M such that p ∈ V ⊆ U .
4Proof. Let C = {K ∩ (X \ U) : K ∈ K ∩M, p ∈ K}. By Lemma 5 we have
that
⋂
C = ∆p ∩ (X \ U) = ∅. But C is a collection of compact subsets of X
closed under finite intersections and therefore ∅ ∈ C, so there is a K ∈ K∩M
with p ∈ K ⊆ U . Since χ(K,X) ⊆ M by elementarity K has an outer
base entirely contained in M and hence there is a V ∈ τ ∩ M such that
p ∈ K ⊆ V ⊆ U .
We are ready to prove our main result.
Theorem 7. Let X be a ccc Hausdorff space and κ a cardinal such that
pct(X) ≤ κ ≤ |X|. Then there is a ccc subspace Y ⊆ X with |Y | = κ.
Proof. Take M such that κ ⊆ M and |M | = κ. Consider the set
C = {C ⊆ X : C is closed and C ∩∆p 6= ∅ for all p ∈ X ∩M}
ordered by inclusion. By Lemma 5 we have that each ∆p is compact which
allows us to use Zorn’s lemma to get a minimal element D of C. We prove
now that D is ccc.
Fix a collection {Uα : α ∈ ω1} ⊆ τ such that Uα ∩ D 6= ∅ for all α ∈
ω1. For a given α ∈ ω1 we have that D ∩ (X \ Uα) is closed and properly
contained in D. Hence by minimality of D there is a pα ∈ X ∩M such that
D∩(X \Uα)∩∆pα = ∅ and therefore ∆pα ⊆ (X \D)∪Uα. Using Lemma 6 we
get a Vα ∈ τ ∩M such that pα ∈ Vα ⊆ (X \D)∪Uα. Since X is ccc there are
α, β ∈ ω1 such that Vα ∩Vβ 6= ∅ so by elementary there is a q ∈ Vα∩Vβ ∩M .
But then Uα ∩Uβ ∩D ⊇ Vα ∩ Vβ ∩D ⊇ ∆q ∩D 6= ∅, so {Uα ∩D : α ∈ ω1} is
not a cellular family in D.
Now for each p ∈ X ∩M choose a point yp ∈ D ∩∆p and let Y = {yp :
p ∈ X ∩M} ⊆ X . Since κ ⊆ M and |M | = κ we know that |X ∩M | =
κ. Moreover all the ∆p’s are disjoint so all the y
′
ps are different and hence
|Y | = κ. Finally note that Y ∈ C so by minimality of D we have Y = D and
therefore Y is ccc.
Since compact (and even locally compact) spaces have pointwise count-
able type, we get
Corollary 8. Every uncountable ccc (locally) compact Hausdorff space con-
tains a ccc subspace of size ℵ1.
Note that the Hausdorff condition was not needed in Theorem 3. How-
ever, the following example shows that Theorem 7 fails for T1 spaces even in
the compact case.
5Example 9. For each regular cardinal κ, there is a ccc compact T1 space of
size κ with no uncountable ccc subspace of size less than κ.
Proof. Let τo be the usual order topology on the ordinal κ + 1. Let X = κ
with the topology τ = {U ∩κ : κ ∈ U ∈ τo}. The space X is clearly T1 and it
is ccc because any two nonempty open subsets of X intersect. Note that for
any α ∈ κ, the subspace α ⊆ X has the usual order topology, so any open
subset of X covers all but a compact subspace of X . Hence X is compact.
Since, by regularity of κ, any subspace Y of X of size less than κ is contained
in some α ∈ κ, it follows that Y has a topology finner than the one induced
by its order (Y,∈) and therefore Y is not ccc unless Y is countable.
Remark. The previous are also examples of compact T1 spaces with no Lin-
delo¨f subspace of size ℵ1, which is of independent interest.
The space given in Example 2 has pseudocharacter κ so taking κ = ℵ1
we see that χ(X) ≤ ℵ1 in Theorem 3 cannot be weakened to ψχ(X) ≤ ℵ1
even for Hausdorff spaces. Although the space in Example 2 is not regular,
the following example shows that non-regularity is not the problem.
Example 10. For each regular cardinal κ, there is a ccc Tychonoff space X
of size κ and countable pseudocharacter with no uncountable ccc subspace of
size less than κ.
Proof. Fix a function ϕ : κ → [κ]<ω such that |ϕ−1({s})| = κ for every
s ∈ [κ]<ω. Given x ∈ 2κ and α ∈ κ we define s(α, x) = {ξ ≤ α : x(ξ) = 1}.
For x ∈ 2κ we let G(x) = {α ∈ κ : x(α) = 1 and s(α, x) is finite}. Now we
let
X = {x ∈ 2κ : ∃α ∈ G(x), ∀β > α [x(β) = 1↔ ϕ(β) = s(α, x)]}
with the subspace topology inherited from 2κ (so X is Tychonoff).
First we show that X is dense in 2κ and therefore X is ccc being a dense
subspace of a ccc space. For this, fix a finite partial function σ : κ → 2 and
denote by [σ] the basic clopen subset of 2κ determined by σ. Pick α ∈ κ with
dom(σ) < α and define x ∈ 2κ by σ ⊆ x and for β /∈ dom(σ):
x(β) = 1 ⇐⇒ β = α or β > α ∧ ϕ(β) = {α} ∪ σ−1({1}).
Then x ∈ [σ] and s(α, x) = {α}∪ σ−1({1}) hence α ∈ G(x) and x ∈ [σ]∩X .
Thus X is dense in 2κ.
6Note that for each x ∈ X we can choose αx ∈ κ witnessing the fact that
x ∈ X and the map x 7→ (αx, s(αx, x)) is an injection from X into κ× [κ]
<ω
so |X| ≤ κ. Moreover for each α ∈ κ we can define xα ∈ X by xα(β) = 0 if
β < α, xα(α) = 1 and for β > α, xα(β) = 1 ↔ ϕ(β) = {α}. It is clear that
all the xα’s are distinct so |X| ≥ κ and hence |X| = κ.
To see that ψχ(X) = ℵ0, fix p ∈ X and let A ⊆ κ consist of the first
ω-many elements of κ for which p takes the value 1 (note that any element
of X takes the value 1 infinitely many times). Using the fact that the map
x 7→ (αx, s(αx, x)) defined in the previous paragraph is injective, it is easy to
see that p is the only element of X that takes value 1 in all the ordinals in
A. But this condition defines a Gδ in X so we are done.
Finally, let Y be any subspace of X with |Y | < κ. We will show that Y
is discrete and hence not ccc unless countable. For each y ∈ Y let αy ∈ κ
be a witness of the fact that y ∈ X and take δ = sup{αy : y ∈ Y }. By
regularity of κ, δ ∈ κ. Now fix y ∈ Y and choose β ∈ κ such that β > δ
and ϕ(β) = s(αy, y). This can be done since s(αy, y) is finite and therefore
ϕ−1({s(αy, y)}) is cofinal in κ. Let σ = {(β, 1)} and note that, since β >
δ ≥ αy and ϕ(β) = s(αy, y), we have y(β) = 1 and hence y ∈ [σ] ∩ Y . On
the other hand if z ∈ [σ] ∩ Y then z(β) = 1 and therefore, since β > δ ≥ αz,
s(αz, z) = ϕ(β) = s(αy, y). In particular αz = max s(αz, z) = max s(αy, y) =
αy. This implies that z ↾ (αz+1) = y ↾ (αy+1). Since for all ξ > αz = αy we
have z(ξ) = 1 ↔ ϕ(ξ) = s(αz, z) ↔ ϕ(ξ) = s(αy, y) ↔ y(ξ) = 1, it follows
that z = y. Thus [σ] ∩ Y = {y}, and Y is discrete.
Using this example we can easily set up a situation where we have a ccc
Tychonoff space X which contains a ccc subspace of size ℵ1 but X is such
that for any elementary submodel M with ω1 ∪ {X} ⊆ M and |M | = ℵ1,
the subspace X ∩M is not ccc. For instance, just take the disjoint union
X = Y ∪ Z where Y is any subspace of R of size ℵ1 and Z is the space in
the previous example with κ = ℵ2. Then X ∩M = Y ∪ (Z ∩M) which is
not a ccc space since Z ∩M is an open subspace which is not ccc. However
we don’t know the answer to the following
Question 11. Suppose X is a compact Hausdorff space and M is an ele-
mentary submodel with ω1 ∪ {X} ⊆ M and |M | = ℵ1. Is it true that the
subspace X ∩M is ccc?
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